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The notion “flow of a proof” encapsulates various aspects of proof presentation in a 
classroom. This paper presents a global flow analysis of the proof of the Euclidean 
algorithm, as presented to a class of prospective teachers. The findings are based on 
lesson observation, questionnaires and interviews with lecturer and students. The 
analysis reveals the existence of a gap between the main ideas of the proof as perceived 
by the lecturer and by the students. This is also reflected in the way the students 
self-estimated their level of understanding. We explain these findings by relating to the 
global features of the flow and discuss potential alternative flows.   
Learning mathematical proof and justification is considered an essential part of 
students’ mathematical education. Teachers are encouraged to explain and justify 
mathematical concepts and processes and to use proof as an explanatory tool (Hanna, 
2007). Nevertheless, teachers’ didactic knowledge regarding strategies for teaching 
proof is still an emerging research topic. Teachers’ lack of such knowledge and 
strategies has been pointed out (Dreyfus, 2000; Knuth, 2002). Alcock (2010) and 
Weber (2010) have provided insight into pedagogical considerations used by 
experienced mathematicians while teaching proof, and found that mathematicians 
lacked the required strategies to achieve their didactic goals. A few approaches to 
teaching proof have been suggested but there are still no robust findings regarding the 
effect of using those approaches in mathematics classrooms. Thus, establishing ways 
to improve teachers’ pedagogical knowledge about proof teaching is a valuable task 
(Hanna, 2007). Mariotti (2006) further recommended investigating cognitive and 
meta-cognitive perspectives of proof learning in the context of teachers’ training.  
THE FLOW OF A PROOF 
The concept of flow is embedded in the way mathematicians think about proof and 
proving. Thurston (1994) writes that “when people are doing mathematics, the flow of 
ideas and the social standard of validity are much more reliable than formal 
documents“ (p.169). The present research introduces the notion of flow of a proof, 
which attempts to encapsulate various aspects of proof presentation in such a way that 
the flow can be used as a pedagogical tool. The approach is holistic in nature; thus an 
initial characterization of flow relates to: (i) the way the logical structure of the proof is 
presented in class; (ii) the way informal features and considerations of the proof and 
proving process are incorporated in the proof presentation; (iii) contextual factors 
(mathematical and instructional). The flow of a proof is expected to affect students’ 
cognitive and affective responses to the proof and the research aims to study those 
effects in situations where the flow is recognized by the students and when it is not. 
When students recognize the flow, they are expected to be able to notice and reflect on 
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main formal and informal ideas of a proof and on the way those ideas relate to each 
other, so that insight, intuition and formalism are balanced. 
The flow of a proof can be analysed from a global and from a local perspective. The 
global perspective is concerned with the way a proof is divided into modules and with 
the choices made by the lecturer as to how to present those modules in class so they are 
combined and communicated to the students as an intelligible, unified, coherent and 
hopefully engaging story. The local perspective involves the examination of single 
formal or informal arguments in the proof using argumentation theory, particularly the 
full scheme of Toulmin’s model (Toulmin, 1958). In this paper the focus is on the 
global perspective of the flow of a proof. Contextual aspects are also briefly addressed. 
Specifically, a global flow analysis is applied to the proof of the Euclidean algorithm as 
presented to a class of prospective secondary level mathematics teachers during their 
first year of training. The effect this flow had on the way the prospective teachers 
understood the main ideas of the proof is discussed, and possible explanations and 
alternatives are presented. 
METHOD 
The research was carried out in a class of 38 prospective secondary level mathematics 
teachers taking a course in Number Theory during their first year of training. This 
paper refers to the lesson in which the proof of the Euclidean algorithm for finding the 
greatest common divisor of two natural numbers was taught. A summary of the proof 
as it was presented in the lesson is depicted in Figure 1.  

 
Figure 1: The proof of the Euclidean algorithm and the example given in the lesson 

After the lesson the students were asked to answer a questionnaire relating to cognitive 
and affective aspects. The questions in the cognitive part concerned global and local 
aspects. The “global-oriented” questions asked the students to specify main ideas of 
the proof, to illustrate the proof with an example and to explain why the algorithm is 
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finite. The affective part included questions relating to interest, confidence and 
significance. The lecturer of the course was informed in a very general manner that the 
research relates to teaching proof but was not instructed before the lesson how to 
present the proof and did not see the questionnaires. The lesson was observed and 
audio recorded. A researcher took notes on the lesson as well as remarks and responses 
of students and of the lecturer. In addition, two types of post-lesson interviews were 
conducted: (i) a reflective interview with the lecturer; (ii) two individual interviews 
with students, designed to probe their questionnaire answers, the way they perceived 
(if at all) the flow of the proof and mathematical or pedagogical factors that improved 
or impeded their understanding. 
These data enabled examination and analysis of (i) the way the proof was presented by 
the lecturer; (ii) the way the proof and its presentation were received by the students; 
(iii) the correlation between the two.  
FINDINGS AND DISCUSSION 
Context 
Thurston (1994) writes that “[for him] it became dramatically clear how much proofs 
depend on the audience” (p.175). A proof is not presented in a vacuum but in the 
context of a lecturer with firm beliefs and convictions, and to an audience with certain 
characteristics. Therefore, a proof might communicate some mathematical concepts 
and ideas in one context but others in another context. 
The participating students can be roughly divided into two groups: students who are 
starting their academic studies, and students that finished their studies in another 
academic discipline but are currently qualifying as mathematics teachers. The latter are 
more experienced academically. Those two groups were sitting in separate areas. 
The lecturer is experienced and knowledgeable. He regularly teaches the course in 
different academic institutions to different populations. He lectures frontally but also 
patiently answers students’ questions. He is enthusiastic about the course content and 
this is reflected in his teaching. During the post lesson interview, he expressed 
awareness of the existence of two groups in the class as well as his belief that the proof 
presentation should be based on purely mathematical considerations rather than 
audience dependent, that the proof should be presented as accurately and formally as 
possible, and that it is especially important for prospective mathematics teachers to be 
exposed to formal proof even if they are not going to teach such proofs later. 
Analysis of the proof presentation 
The lecturer started the lesson referring to the topic of previous lessons, the properties 
of a number that divides a specific other number, and to today’s topic, a number that is 
a common divisor of two numbers. The lesson ended with the lecturer stating the topic 
of the next lecture: analyzing the efficiency of the algorithm. These opening and 
closing statements situate the lesson within a larger frame of reference. They 
contribute to the sense of building a complete mathematical theory, and situating the 
theorem as part of a theory. Thus a mathematical context is provided. 
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I. Introduction, definition, discussion (16’) 
    Central topic: How to find gcd(a,b), a,bԖN? 

              

II. Using Euclid’s algorithm to find gcd(225,120) (5’) 

IVa.  Describing and proving the algorithm (15’) 

        

What if the numbers are very large? 

Motivation to prove two lemmas 

Last 
week…  

III. Stating and proving lemma 1 (13’) and lemma 2 (2’) 

Next 
week…  

indices 

We need to generalize the algorithm and 
   

Next, the lecturer defined the greatest common divisor (gcd) and introduced some of 
its basic properties without formally proving them. He showed a naïve way of finding 
gcd(220,125) and raised the question: What if the two numbers a,b for which we try to 
find the gcd are very large and have many divisors? He thus motivated the need for an 
efficient way of calculating gcd(a,b). Next he demonstrated the use of Euclid’s 
algorithm for finding gcd(220,125), basing the algorithm on two lemmas, which he 
then proved, lemma 1 formally and lemma 2 verbally. Finally he described the 
algorithm using general notations involving indices as in Figure 1) and proved it 
formally. He used the well-ordering principle to show that the algorithm is finite. 
Hence the lesson can be divided into four modules (Figure 2).  
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2: Schematic global analysis of the flow of the proof 
The schematic presentation in Figure 2 is based on an analysis of the lesson and 
provides a compact visualization of the order and duration of the lesson’s modules, the 
way they were tailored to each other and their interrelations. For instance the lemmas 
in module III were used during the numerical example of module II but were also 
motivated by it; similarly the lemmas are used in the general proof in module IV. The 
dashed boxes in Figure 2 represent the transitions between the modules. We interpret 
these transitions as the lecturer’s attempt to transform a collection of modules into a 
unified, coherent and possibly engaging story. The stars represent places that might 
disturb the flow. The star in module II reflects the demonstration of the algorithm on a 
numerical example before it was formally introduced. The star in module IV represents 
the transition to index notation as in Figure 1.  
The global proof presentation involved many choices made by the lecturer, choices 
which are directly connected to the flow of the proof. In the following subsections we 
will examine how these choices are reflected in the way the lecturer and students 
answered the question “What were the main ideas of the proof?” 
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Main ideas of the proof as stated by the lecturer and as stated by the students 
During the post-lesson interview, the lecturer was asked what he sees as the main ideas 
of the proof (ideas 1-4 in Table 1). The students were asked the same question in the 
questionnaire. Fifteen students answered the questionnaire and thirteen of them 
answered this question. A summary of the students’ answers is presented in Table 1.  
 

The proof’s main ideas Nb of students 
1. The division algorithm 5 
2. A common divisor of ,a b  is a divisor of any linear 

combination of ,a b  1 

3. Examining smaller and smaller numbers until a trivial 
situation is reached 2 

4. The algorithm is finite (well-ordering principle) 7 
5. gcd( , ) gcd( , )a bq r a b b r � �   8 
6. |b a  if and only if gcd( , )a b b  6 

7. Iterations 3 
8. The remainder sequence is monotonically decreasing 1 
9.  Getting a deeper understanding of the divisors of ,a b  1 

Table 1: The main ideas of the proof as stated by students and lecturer 
Table 1 reveals that none of the lecturer’s main ideas was mentioned by a majority of 
the students. This demonstrates the variety that might exist in a group of students who 
participate in the same lesson, as well as the existence of gaps between the main ideas 
as perceived by the lecturer and the students. 
Idea 1, the division algorithm, was referred to by only 5 students although Euclid’s 
algorithm uses it repeatedly. During his interview the lecturer referred to idea 2 as one 
of the underlying ideas of the proof, casually mentioning that this is actually Lemma 1, 
but only one student stated this idea in his answer, and this student also stated idea 5 as 
if it was a separate idea. Interestingly, ideas 5 and 6, which are simply Lemmas 1 and 2, 
were mentioned by a relatively large number of students. Idea 6 was not mentioned by 
the lecturer at all; also during the lesson, he did not accord it much importance: he 
explained it briefly and wrote it on the board without proof. Idea 4 referring to the 
algorithm being finite was explicitly stated by only 7 students although it was very 
apparent throughout the lecture: it was discussed informally and even quite 
enthusiastically, and was also proven formally. Similarly, idea 3, which is at the heart 
of the algorithm was mentioned by only 2 students, or possibly also by the 3 students 
who stated idea 7: “iterations” which may be a less accurate way of expressing idea 3. 
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A possible explanation for these gaps may lie in the global flow of the proof (Figure 2). 
The lemmas were stated and proved right after the numerical example, using simple 
algebraic language, followed by a complicated general formulation involving indices. 
This might have caused the students to consider the lemmas as the main part of the 
proof, or perhaps they were the last part of the lesson they felt comfortable with. This 
explanation is supported by the following extract taken from the interview with Moran, 
one of the students. She stated ideas 5 and 6 as the main ideas of the proof and 
explained that they seem more applicable than others and that she feels more 
comfortable with algebraic expressions than with verbal explanations.  

Interviewer: So is this because these expressions are written in algebraic form? 
Moran: Yes, but these are expressions that even after a month has passed I can still 

understand what I wrote here, I don’t have a problem with that… But I 
don’t have any idea how to repeat the proof. To explain to you verbally 
what the lecturer wrote? I don’t have a clue… But that’s me. 

Daniel, the other interviewed student, listed ideas 1, 3, 4, and 7. When asked to 
describe the proof in a general manner he referred to using the division algorithm 
repeatedly in order to reduce the numbers, and stated that the algorithm is finite. When 
asked about the connection between the gcd of the numbers in the beginning and in the 
end of the process he did not answer but said this was “a missing link”.   
The students were also asked to self-estimate their level of understanding of the 
Euclidean algorithm and of its proof. The results are summarized in Table 2. 
 

Understanding level of the… Very high High Reasonable None 
Euclidean algorithm 3 4 7 1 
proof of the algorithm 1 1 10 3 

Table 2: Students’ self-estimations of their algorithm/proof understanding level  
Out of 15 students who answered the questionnaire only two (seven) estimated 
themselves as having high or very high level of understanding of the proof (of the 
algorithm). The lecturer was asked to relate to possible difficulties encountered by 
students during the lesson. He stated that based on his past experience he demonstrates 
the algorithm on a numerical example before the general proof, and this raises 
students’ involvement in the lesson and improves their understanding of the general 
proof; he perceived no particular difficulties. Taking into account his belief that 
considerations for proof presentation are purely mathematical, the data in Table 2 may 
be interpreted as showing a lack of adaptation of the flow of the proof to the audience.. 
This is also supported by the following excerpts from the interviews: 

Moran: The board is filled with words and I am completely lost, I can’t understand 
where the beginning is and where the end... I am constantly writing because 
I need to figure it out at home, but during the lesson it’s like I am writing 
Chinese… 
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II. Using Euclid’s algorithm to find    

       

III. Stating and proving two lemmas  

IV. Proving the general algorithm  
 

 
 

 
III. Stating and 
proving two  

  

IV. Proving the  

 
 

II*. Using  the 
numerical example 
a=225, b=120 to 
demonstrate the two 
lemmas and the 
algorithm  

 

Daniel: I am taking two courses and this lecturer is by far better than the other … 
He’s very organized, answers every question, I don’t have much criticism, 
but … somehow, during the proofs I’m getting lost. It suddenly happens, I 
am telling myself: “Hey, wait a minute, where am I?”…  

Possible alternative flows 
Hence the question arises whether alternative flows based on the same modules might 
produce higher levels of student comprehension. Figure 3 presents two options.  
 
 
 
 
 
 
 
 

Figure 3a: (left) & 3b (right): Alternative global proof flows 
Figure 3a represents a somewhat more conventional textbook type of flow, linearly 
proceeding from the lemmas to the algorithm’s general proof and ending with an 
example. One characteristic of this flow is the temporal proximity between the 
example and the general algorithm. That proximity can also be achieved by the flow 
depicted in Figure 3b.  Here the numerical example is used for framing the lemmas as 
well as the general proof, by going back and forth between formal deductions and their 
numerical illustration. This flow might also help to adjust the pace of the lesson to the 
students and to solve a problem indicated by Moran relating to the gap between the 
experienced mathematician and the students: 

Moran: For him to say gcd – it’s just gcd, it’s clear. For me it’s the first time I 
encounter this expression and it takes me ten minutes to understand what he 
means. Like, wait a minute, what’s gcd? And then to see “a|b”. Ten times 
during the lesson… whenever he wrote a|b I wrote a verbal note “a divides 
b” so when I read it at home I can remember that it means “a divides b” and 
not “b divides a”. So I’m stuck on that - and he’s running … 

The decision to favour one type of flow over the other is of a didactic nature and the 
effect of using such alternative flows is a topic for further research.  
CONCLUSIONS 
In this paper, the notion of flow of proof was introduced, and global flow analysis was 
used to discuss the gap between the lecturer’s and his students’ answer to the question: 
What are the main ideas of the proof of the Euclidean algorithm? The analysis 
demonstrates the potential to produce a deep understanding of a multifaceted learning 
scenario, but many questions remain open. The analysis of local features of the proof 
presentation and the relation between the local and the global features is one further 
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topic for research. Another one is the effect of the flow on affective factors and the 
intertwining between the cognitive and the affective factors.  
The lecturer had a clear view of the main ideas he intended the students to have at the 
end of the lesson and he presented these ideas accordingly. Nevertheless, our data 
show that the outcome of the lesson was less than intended. Using a different flow, 
perhaps missing from the lecturer’s “didactic arsenal”, might help. In addition, the 
lecturer did not correctly assess the students’ proof comprehension difficulties. The 
lack of suitable didactic strategies and adequate assessment methods is consistent with 
findings of Weber (2010) and Alcock (2010), and it impedes the creation of the type of 
communication that should exist in the mathematics classroom as Hanna (2007) 
recommends. This communication is perhaps particularly important in the training of 
future mathematics teachers, in accordance with Mariotti (2006) and Dreyfus (2000). 
Hopefully, studying the different aspects of the flow of a proof in a way that will shape 
flow as a didactic tool will help turning proof presentation in class into deep 
mathematical communication between teacher and students. 
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