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This paper deals with the “negation” of verbal statements and addresses this topic by 
means of a functional linguistic approach. The negation is investigated as an effect 
between a sentence and the subjects’ coding of abstract diagrams. The study, carried 
out with about three hundred Italian science undergraduates, shows that implicatures 
occurring in everyday communication heavily affect the interpretation of a variety of 
sentences. 
INTRODUCTION 
The importance of language in the learning of mathematics has grown up in the last 
decades and the central role played by the language in the learning of mathematics has 
become the subject of a rapidly increasing investigation (see e.g. Ferrari 2004, Sfard 
2001). The centrality of language in the interpretation of obstacles in doing 
mathematics can be found, for example, in Sfard’s claim that “learning mathematics 
may now be defined as an initiation to mathematical discourse …” (Sfard 2001, p.28), 
and so languages are to be regarded not just as carriers of pre-existing meanings, but as 
builders of the meanings themselves. 
In this framework this paper is aimed at investigating the influence of (Italian) verbal 
language in a mathematical context. In particular, the focus is on the “negation” of 
verbal statements addressing it by means of a functional linguistic approach, with the 
hope of giving a new insight differing from previous studies on this topic which do not 
take into account the pragmatic aspects of language, i.e. the complex interactions 
between language and context (Lin et al. 2003, Antonini 2001, Barnard 1996, etc.). 
Negation is a fundamental concept for the construction of meaning in general, and, in 
particular, for the construction of meaning in mathematical context. Difficulties 
concerning this topic can significantly influence the learning of other mathematical 
concepts and, in particular, the understanding of the links among the mathematical 
concepts. In particular, difficulties occurring in the negation of statements are often 
related to the use of quantifiers. In literature, it is shared the idea that negation may 
cause troubles, for example, in proofs by contradiction (Lin et al. 2003), in the use of 
syllogisms and in particular of modus tollens (Wason and Johnson-Laird, 1972), etc. 
Despite the recognized relevance of negation, few studies have been carried out in the 
field of the learning of mathematics but, on the contrary, a lot of research has been 
developed about negation in numerous other fields such as logic, philosophy, 
linguistics, psychology, etc. (some references are Aristotle, Grice 1975, Wason and 
Johnson-Laird 1972, Miestamo 1985, Horn 1989, etc.). 
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In particular, the investigation is focused on the ability at negating verbal statements of 
the kind “All A is B”, that is to interpret a sentence of the kind “Not all A is B”. The 
present study is the sequel of a study on the same issue described in Bardelle (2011) 
and in Ferrari (2004) where the interpretation of negation was investigated as an effect 
between two sentences. In that case the subjects had to recognize whether two abstract 
sentences had the same, or different meaning (equivalence of statements). In the 
experiment described here, negation has been investigated as an effect between a 
sentence and the subjects’ coding of a physical state of affairs. In particular, abstract 
diagrams (ranks of circles) have been exploited to investigate students’ interpretation 
of the negative sentence of the kind “Not all A is B”. The aim is to explore the role of 
context (purposes of the communication, relationships among participants, mode, 
subject of the communication, etc.) in the mathematical interpretation of such 
statements and moreover attention is paid to investigate students’ awareness of the role 
of mathematical language when facing negation of statements. 
THEORETICAL BACKGROUND 
The application of functional linguistics (Grice 1975, Halliday 1985) to the learning of 
mathematics (cf. Ferrari 2004) has been remarkably developed in the last years and it 
has assigned to the “functions of languages”, rather than to semantic and syntactic 
aspects of the standard linguistics, a role of primary importance for the understanding 
of difficulties related to the learning of mathematics. According to this approach, the 
context influences the construction of meaning. Context refers to several aspects as the 
relationships among participants, the purposes of communication, the mode of 
communication, the subject of communication, etc. The context influences the register 
(Halliday 1985) that is a linguistic variety based on use (linguistic resources used by an 
individual to express meaning related to some context and goals of a communication). 
Many difficulties in mathematics are due to improper use of registers or to a their 
improper understanding. The analyses of the responses of students by taking into 
account the registers adopted, allows to explain the interference between the technical 
language of mathematics and other languages, first of all the everyday one. The 
overlapping of colloquial registers with technical ones has been for a long time subject 
of research for the understanding of difficulties in the learning of mathematics (Mason 
and Pimm 1984, Ferrari 2004, Kim et al. 2005, Bardelle 2010) but, in most of these 
studies such interference usually has not been sufficiently analysed or explained. This 
work is based on the Ferrari’s idea that “the registers customarily adopted in advanced 
mathematics share a number of features with literate registers and may be regarded as 
extreme forms of them” (Ferrari, 2004, p. 387). Literate registers violate the 
cooperation principle (Grice, 1975) that usually occur among participants in everyday 
communication or who share a common context. The difficulties arise both from using 
technical terms and from the organization of texts. For example, in a mathematical 
register “some” means “at least one”, but in a colloquial register “some” is interpreted 
as “more than one but not all”. The use of “some” as “more than one but not all” is an 
example of an implicature, that, in the frame of pragmatics,  is the portion of the 
information provided by the text that follows from the assumption that it is adequate to 
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the context rather than from its propositional content (Ferrari, 2004). This example, 
typical of colloquial speech at least in Italian language (some evidence on the same 
issue is anyway reported also in English, see e.g. Mason and Pimm 1984 and 
references therein) is due, in particular, to the violation of the Maxim of Quantity 
(Grice 1975, p. 47) according to which a communication has to be as informative as 
required (for the current purposes of the exchange). 
THE EXPERIMENT 
Subjects 
The experiment has been carried out with 294 Italian science (biology, chemistry, 
computer science, environmental science) freshman students at the University of 
Eastern Piedmont in Italy. The results come from a set of questions administered to 
students in a written placement test and subsequent interviews. The test was 
administered  after a two-week precalculus bridging course in order to verify students’ 
initial knowledge. A two-hour unit of the course has been devoted to illustrate some 
aspects of mathematical language (such as connectives and quantifiers) within the 
setting of naive set theory. Both the course and the test were not compulsory, but 
warmly recommended. Moreover, students could achieve a bonus according to the 
results of the test. There were no negative consequences if students failed the test, but 
in that case, they were then strongly recommended to attend tutoring sessions in the 
first semester. 
Tasks 
Four types of questions were developed for the study. Students were asked to 
recognize the truth or the falsehood of the negation of a statement with a universal 
quantifier trough some diagrams. The negative sentences used in the experiment were 
of the kind “Not all A is B”. The questions were grouped into two categories: 
1-questions involving diagrams with two circles only and 2-questions involving 
diagrams with more than two circles (four circles). The questions have a multiple 
choice format with the possibility of multiple responses. The following tables present 
an English translation of the questions.  

Which of the following diagrams (multiple choices are allowed) make the 
statement “Not all the circles are black” true? 

A)  B)                     C)                   
Table 1: Question 1t (Q1t). 

Which of the following diagrams (multiple choices are allowed) make the 
statement “Not all the circles are black” false? 

A)                     B)                           C)                     

Table 2: Question 1f (Q1f). 



Bardelle 

 

2 - 68 PME 37 - 2013 

Which of the following diagrams (multiple choices are allowed) make the 
statement “Not all the circles are black” true? 

A)  B)                   C)   

Table 3: Question 2t (Q2t). 
Which of the following diagrams (multiple choices are allowed) make the 
statement “Not all the circles are black” false? 

A)  B)                         C)   

Table 4: Question 2f (Q2f). 
The sample was split into four groups of about 74 students each. Each of the four 
questions was assigned to one  group.  
Interviews 
After the analyses of the written responses 14 students were individually interviewed 
in order to explore their understanding. The students were chosen according to the 
factor analyses of the written responses in order to investigate all the patterns of 
answers with more than 10% of frequency.  
The interviews were not compulsory and explanations about the experiment were 
given to students before starting the interview. The interviews were semi-structured. 
All students were asked explanation about their answer to the written question they had 
to face in the admission test. Moreover, they were asked a question 1t or 2t (where the 
subjects had to recognize the truth of the statement), if they answered a question 1f or 
2f (where the subjects had to recognize the falsehood of the statements), in the entrance 
test and viceversa. They were asked whether they attended the precalculus course and 
whether they used logical concepts while they were answering that kind of question in 
the entrance test. Such questions were accompanied by personalized ones aimed at 
explaining students’ reasoning.  
RESULTS 
Table 5 shows students’ written responses to the four questions. We recall that the 
sample was split into four groups. The groups had about the same number of students 
and each group had to face one of the four questions respectively. In the following 
tables  A, B, C denote the options A), B), C) of the questions respectively, AB denotes 
that students had chosen both option A) and B) and so on. As a first result, questions 1t 
and 2t proved to be more difficult than questions 1f and 2f (34,24% versus 41,89% in 
1-questions and 22,22% versus 48% in 2-questions). Secondly, different percentages 
are due to questions of type 1 or 2, that is, with two circles or more than two circles 
respectively. In Q1t and Q2t proper answers (AC) are more numerous in 1-questions 
that in 2-questions (34,25% versus 22,22%), while in Q1f and Q2f proper answers (B) 
are less numerous in 1-questions than 2-questions (41,89% versus 48%). 
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Item Q1t Q1f Q2t Q2f 
A  1,37% 1,35% 0,00% 0,00% 
B  1,37% 41,89% 1,39% 48,00% 
C  60,27% 21,62% 76,39% 20,00% 
AB 1,37% 28,38% 0,00% 25,33% 
AC 34,25% 6,76% 22,22% 5,33% 
BC 1,37% 0,00% 0,00% 1,33% 
ABC 0,00% 0,00% 0,00% 0,00% 
Total 100,00% 100,00% 100,00% 100,00% 

Table 5: Responses by percentage to written test. 
In Q1t and Q2t the most common behaviour is to answer just C, that is the diagram 
with both black and white circles. This behaviour is due to an implicature occurring in 
an everyday communication, according to which “Not all the circle are black ” means 
that “just some circles are black and some do not”. This phenomenon is well described 
in this interview 

1  I: Why did you choose only C [question Q1t] and not also A? 
2 S1:  “Not all circles are black” means that there are white circles but it does not 

rule out that there are black circles. I would have chosen A if it was written 
“All the circles are not black” 

This student clearly explained that the sentence “Not all the circle are black” is not 
appropriate i.e. cooperative to the state of affair of diagram A with all white circles.   
The same implicature is also responsible of response (AB) in Q1f and Q2f. In this case 
the students chose diagram (A) and diagram (B) as the complementary of diagram C, in 
the sense that they chose (C) as the diagram that makes true the statement “Not all 
circle are black” and hence they ruled out C since they had to mark diagrams that 
makes the statement false. This behaviour is described in the interview of another 
student 

1  I: Can you explain the reason why you chose both A and B [question Q1f]? 
2 S2:  “Not all circles are black” means that there are both white and black circles 

... hence C makes true while A and B makes false. 
It seems that the misreading of the text of the question followed by an implicature as 
above is the cause of response (C) to questions Q1f and Q2f. In this case all the 
students interviewed, who answered (C) to Q1f or Q2f in the entrance written test, 
declared that they misread the question. They did not read the requirement about the 
falsity of the statement but they answered looking for the diagrams that corresponded 
to the statement “Not all circle are black”, i.e. that made the statements true. An 
example of this behaviour is given in the following interview.  
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1  I: Can you explain the reason why you chose C [question Q2f]? 
2 S3:  “Not all circles are black” means that there must be at least one white circle 

besides black circles. 
3  I: What does the question require?  
4 S3:  It requires to find the diagrams that correspond to “Not all circles are 

black”. 
5 I:  Can you please read again the question? 
6 S3:  I’m sorry…. I didn’t read false…I answered to another requirement… 

Probably, also the answer (AC) is due to the improper reading of the text of the 
question which lead them to look for diagrams that made the statement true instead of 
false. Unfortunately, there are not interviews supporting this interpretation, since the 
answer (AC) was not investigated by interviews.  
Another purpose of the interviews was to understand why the questions 1t and 2t 
proved to be more difficult than questions 1f and 2f (34,24% versus 41,89% in 
1-questions and 22,22% versus 48% in 2-questions). The following interview is 
interesting about this phenomenon. The interviewed student S4 answered (B) to 
question Q2f.   

1  I: Can you explain the reason why you chose B [question Q2f]? 
2 S4:  Saying that “Not all circles are black” is false means that all circles are 

black. 
3  I: Can you explain better?  
4 S4:  “Not all circles are black” means that the circles are white or some white 

and some black. The contrary is all circles are black. 
5 I:  Can you tell which diagrams make “Not all circles are black” true [Q2t]? 
6 S4:  C 
7 I:  So you are saying that diagram B makes the sentence false while diagram C 

makes the sentence true? That’s right? 
8 S4:  Yes! 
9 I:  And what about the diagram A? How does it make the sentence, true or 

false? 
7 S4:  It is not relevant to the question. 

From this interview it arises that the syntactic and semantic aspects of  “Not all circles 
are black”, concerning its truth or falsity, are overcome by the pragmatic one. Actually, 
in everyday communication sentences are often assessed related to their adequacy 
rather than their truth. This holds for negative sentences too, as their goals often 
overcome their truth. It is intended to stress how the formulation of the text of 
questions i.e. in terms of truth and falsity did not sufficiently draw the attention to a 
more mathematical context.  
From the factor analysis of responses to written questions a discrepancy between 
1-questions and 2-questions emerged. It seems that diagram C of 2-questions (3 black 
circles and 1 white circle) evoked more the use of a conversational implicature than 
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diagram C of 1-questions (1 black circle and 1 white circle). This should be explain the 
higher percentage of answers C in Q2t (76,39%) than answers C in Q1t (60,27%). 
According to this pragmatic view the white circle of diagram C of 2-questions would 
be coded as an exceptional item with reference to the residual class of the black circles, 
and then, the statement “Not all circles are black” is more cooperative when referring 
to diagram C of 2-questions rather than to diagram C of 1-questions. The statement 
“Not all circles are black” in the context of diagram C of 2-questions seems to advice 
the interlocutors that but there are an exception to the fact that all the circles are black. 
A sentence of the kind “Not all A is B” is pointless regarding diagrams C of 
1-questions. Therefore 1-questions could be evoked  the use of a less colloquial 
register but more suitable in a mathematical context. 
Finally, it is important to stress that all the students interviewed declared that they 
answered the questions without thinking to special aspects of mathematical language 
(such as connectives and quantifiers) encountered, even if briefly, in the precalculus 
course or described in the notes of the course. The students were not aware of the 
importance of the role that mathematical language plays in solving these tasks, but they 
settled for answering in an empiric way only.  
This experiment, conducted using diagrams, in order to investigate the interpretation of 
negative sentences of the kind “Not all A is B”, confirmed the results obtained in the 
previous studies of Bardelle (2011) and Ferrari (2004), in a quite similar context but 
where the interpretation of negation was investigated as an effect between two 
sentences, that is the students were asked to recognize equivalent sentences. The 
percentage of the results are very similar and the analyses of all these experiments 
identified the overlapping of everyday registers with the mathematical ones as a typical 
students’ behaviour. In particular, this experiment has confirmed that verbal 
component of statements of the form “Not all A is B” heavily affects their 
interpretation (meaning) according to their conventional use in the colloquial register, 
that is “not all” is conventionally used  to say “some do” and “some don’t” that is “not 
all A is B” conveys the implicature “There are some A that surely is B”. This behaviour 
is related in particular to the violation of the maxim of Quantity (Grice 1975); student 
S4 showed clearly this fact arguing that diagram A (all white circles) is not informative 
about the truth or falsehood of the statement “Not all circles are black”; also student S1 
showed it arguing that “Not all circles are black” is not related to diagram A but that a 
sentence of the kind “All the circles are not black” would have been relevant. 
This experiment has confirmed that the interpretation of verbal statements in a 
mathematical setting may happen to be based on everyday context and not on a 
mathematical one and, since some verbal statements, as those presented here, seems to 
evoke meanings conflicting with the mathematical ones, particular attention has to be 
paid in their use in the teaching of mathematics. 
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