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In this paper we propose a refinement of Chevallard’s mathematical modeling
process while still fully agreeing with his position that modeling is a key process in
knowing mathematics. In doing this, based on our empirical study, we claim, 1) that
there are at least two other stages in the mathematical modeling process; 2) that
mathematical modeling is a non-linear process; and 3) there exists non-linearity at
the interior of each modeling stage. We will illustrate each of these claims with
episodes from our classroom intervention; one of the goals was to provide high
school students the opportunity to use algebra as a modeling tool to prove.

INTRODUCTION

We fully agree with placing modeling at the center of knowing mathematics,
following Chevallard (1985, 1989). While adopting this position, the goal of our
paper is to work towards a refinement of Chevallard’s mathematical modeling
process. Chevallard (1989) proposed three stages in this process: (1) “Identification
of Variables and Parameters;” (2) “Establishing Relationships Among Variables and
Parameters;” and (3) “Working the Model to Establish New Relationships.” While
Chevallard provides the framework for our work, we will put forth three claims
regarding a revised process: (1) there are at least two other stages in the mathematical
modeling process: “Interpretation of the Problem” and “Production of Competing
Hypotheses”; (2) mathematical modeling is a non-linear process; (3) the existence of
non-linearity at the interior of each stage is evidenced by the presence of partial
models. We will provide evidence for our proposed revision through an in-depth
analysis of a triad of 9"/10™ grade students (14-15 years of age approximately) who
worked with the first author of this paper on a didactical sequence (the “Calendar
Sequence”) focused on students’ use of algebra as a modeling tool to prove during
fifteen one-hour-long lessons (see Martinez, 2008, in preparation; Martinez and
Brizuela, under review).

DEFINITIONS OF MATHEMATICAL MODELING
Chevallard’s definition of mathematical modeling

Chevallard (1989) described the three stages of the modeling process in the following
way:

(1) We define the system that we want to study by identifying the pertinent aspects in
relation to the study of the system that we want to carry out, in other words, the set of
variables through which we decide to cut off from reality the domain to be studied ... (2)
Now we build a model by establishing a certain number of relations R, R’, R, etc.,
among the variables chosen in the first stage, the model of the systems to study is the set
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of these relations. (3) We ‘work’ the model obtained through stages 1-2, with the goal of
producing knowledge of the studied system, knowledge that manifests itself by new
relations among the variables of the system. (p. 53. Emphasis in original)

In Chevallard’s (1985, 1989) point of view, mathematical modeling plays a key role
in knowing mathematics. His theoretical perspective has been valuable to
conceptualize the stages underlying mathematical modeling, as described above.
Another important aspect is his consideration of both extra-mathematical and intra-
mathematical contexts resulting in a broadening of mathematical modeling for
problem situations both inside mathematics (intra-mathematical context) as well and
in contrast to real world contexts (extra-mathematical context). In addition, of special
interest to us is Chevallard’s understanding of algebra as a modeling tool.

Additional perspectives on mathematical modeling

Lesh and colleagues have largely studied modeling with an emphasis on “real world”
contexts (e.g., Lesh, et al., 2003; Lesh & Doerr, 2003; Lesh, Lester, & Hjalmarson,
2003; Lesh & Zawojewski, 2007). Lesh and his colleagues understand the
development of models as part of problem solving. Students begin their learning
experience by developing conceptual systems (i.e., models) for making sense of real-
life situations where it is necessary to create, revise, or adapt a mathematical way of
thinking (i.e., a mathematical model; Lesh & Zawojewski, 2007). Given model-
eliciting activities, students are expected to bring their own personal meaning to bear
on a problem, and to test and revise their interpretation over a series of modeling
cycles. Lesh describes the modeling process as consisting of four interacting
processes that do not occur in any fixed order: 1) description: establishing a map
from the model world to the real or imagined world; 2) manipulation of the model to
generate predictions or actions related to the problem solving situation; 3) prediction
(or translation), that involves carrying back results into the real or imagined world,
and 4) verification of the usefulness of actions or predictions.

Hanna and Jahnke (2007) also investigate modeling within extra-mathematical
contexts. They use arguments from physics as a method to build an explanatory
proof. According to Hanna and Jahnke (2007), “modeling often has to do with
creating a non-physical representation of a physical system” (p. 147) and relate their
approach to “reality related proofs.” However, of special importance for our study is
that they view modeling and proof as being inextricably linked and as having
complementary roles. Additionally, they relate their view of modeling to that held by
applied scientists, as, “a circular or spiral process of setting up a model, drawing
conclusions, modifying the model, drawing conclusions, and so on” (p. 150). We
borrow from Lesh and his colleagues their view of modeling as consisting of
interacting stages that do not occur in a particular order, and from Hanna and Jahnke
their view regarding the connections between modeling and proof, and their view of
modeling as being a circular or spiral process.
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On the other hand, other researchers (e.g., Bolea, Bosch, & Gascén, 1999;
Chevallard, 1985, 1989; Gascdn, 1993-1994), working more closely to Chevallard’s
theoretical perspective, place a central focus on the study of modeling in and of itself
as well as on the meaning and implications of conceiving algebra as a modeling tool
in the school curriculum. Within this group of authors, Chevallard, Bosch, and
Gascon (1997) claim that an essential characteristic of a mathematical activity
consists of building a (mathematical) model about systems (within intra-
mathematical or extra-mathematical contexts) to be studied, to use it, and to produce
an interpretation of the obtained results. In others words, the mathematical activity
can be characterized as making (mathematical) models of systems in (intra or extra-
mathematical) contexts. The authors underline three aspects involved in building a
mathematical model: the routine utilization of pre-existing mathematical models, the
learning of models as well as the way of using them, and the creation of mathematical
knowledge. From this group of colleagues we borrow their vision of the importance
of modeling not just extra-mathematical contexts but also intra-mathematical
contexts, as well as their vision regarding algebra as a modeling tool central to the
mathematics curriculum.

METHODOLOGY
Participants

In this paper, we will describe and analyze the work of three 9"/10™ grade students
(Abbie, Desiree, and Grace) who participated in a teaching intervention, led by the
first author of this paper, in which a total of nine 9"/10" graders took part, at a public
charter school in the Boston area, Massachusetts, in the USA.

Procedure

Lessons: Fifteen one-hour lessons were held once a week. These lessons were part of
the regular school schedule but not part of their regular mathematics classes. In this
paper we will report on data collected during Lessons 1 and 2, in which students
focused on Problem 1, which was implemented during the first half of the
intervention during which students worked with variables, algebraic expressions, and
equivalent algebraic expressions.

Problem 1
Part 1: Consider a square of two by two formed by the days of a certain month, as
shown below. For example, a square of two by two can be 1 2

8 9

These squares will be called 2x2 calendar squares. Calculate the difference between
the products of the numbers in the extremes of the diagonals. Find the 2x2 calendar
square that gives the biggest outcome. You may use any month of any year that you
want.

Part 2: Show and explain why the outcome is going to be -7 always.
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Figure 1. Problem 1 from the Calendar Sequence.

In Problem 1 (Figure 1), students were asked to analyze the nature of the outcome of
the described calculation (subtraction of the cross product). It was expected that
students would anticipate some kind of variation in the outcome in relation to the set
of days where the operator is applied and that students would find out, through
exploration, that the same outcome is always obtained, no matter where they apply
the operator. The challenge for the students was to find out why this happens, and
whether this is “always” going to be the case. At this stage in the problem, from a
mathematical point of view, algebra becomes a tool to solve the problem. Thus, one
of the challenges in Problem 1 is to show the limitations of using a non-exhaustive
finite set of examples to prove that proposition is true, and to encourage students to
use algebra as a tool that allows them to express all cases using a unique expression.

FINDINGS

Claim 1: There are at least two other stages in the mathematical modeling
process.

Interpretation of the Problem: Given that our interest in mathematical modeling,
specifically the use of algebra as a modeling tool to prove, is educational, it is crucial
to include a stage that accounts for students’ processes when they are mainly focused
on understanding the statement of the problem, which does not exclude questions
regarding the statement of the problem from re-appearing once students start to
“solve” the problem. In Abbie, Desiree, and Grace’s group, the first five minutes of
small group work were characterized by trying to understand the meaning of the
statement of the problem. Among the issues that surfaced during this interpretation
stage were: potential strategies to solve the problem; reaching an agreement
regarding the operations involved; the nature of the numbers considered (negative,
positive, absolute value); and the delimitation of the domain to study. After these
initial minutes, the students reached an agreement regarding these issues and their
main focus shifted towards the production of hypotheses regarding the outcome.

Production of Competing Hypotheses: This stage is characterized by students’
production of competing hypotheses as part of their investigation of the nature of the
outcome. Students pondered how to obtain the largest number and how to
characterize the nature of the dependence between the outcome and different aspects
of the problem situations such as a square’s position within the month, across months
and years, and what day of the week is the first day of the month. In Figure 2, we
show the process by which our three students produced a variety of competing
hypotheses and later agreed on a final hypothesis. Students employed a significant
amount of time trying to understand the behaviour of the outcome and its
dependence/independence to different elements of the context. In the example given,
students constructed a variety of competing hypotheses (H1, H2, H3, and H4 in
Figure 2) until they were relatively convinced about the truth-value of their final
hypothesis (H5). What has to be proved is not obtained through a straightforward
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process, but rather through students’ analysis of the likelihood of the truth-value of
each of a succession of competing hypotheses. H1 linked the numeric outcome to the
square’s position at the beginning of the month, while H2 is a claim about the
outcome’s independence of the month that it was placed in. After abandoning H1 and
H2, H3 was momentarily embraced: possibility of the outcome’s dependence on the
month where it is placed, which is in contradiction with H2. H4 seems to be a
refinement of H3, given that it relates the potential variation of the outcome with
what day of the week is the first day of the month. Students identify as the potential
source for the variation in the outcome not only in what month the square is placed
but also what day of the week is the first day in that month. The students hypothesize
that a potential source of variation in the outcome is the relative arrangement of the
days. To test their hypothesis, they tried months that differ in what day of the week is
the first day of the month, always resulting in the same outcome, -7. Students seemed
convinced given that they tried all possible unfavourable scenarios and they still got
the same outcome, therefore they produced their concluding hypothesis (HS) stating
the outcome is always -7 regardless of different arrangements of numbers, months,
and first days of the month. We distinguish between two kinds of hypotheses:
exploratory and concluding, the latter being the hypothesis to be proved. They differ
in terms of the purpose and degree of certainty regarding their truth-value. An
example of an exploratory hypothesis is provided by Desiree when she posed the
following question to her group: “What happens if you start like at the beginning?”’
referring to the impact on the numeric outcome when placing the square at the
beginning of the month. This is different from their concluding hypothesis as stated
by Abbie: “They are always going to be the same.” As discussed earlier, this
concluding hypothesis was produced as the result of exploring various hypotheses,
analyzing them using examples and properties of the relations involved, and getting a
sense of the degree of certainty about its truth value.

Claim 2: Mathematical modeling is a non-linear process.

We claim that the mathematical modeling process is non-linear: stages can occur in
non-consecutive order, and therefore does not necessarily follow the path as
described by Chevallard (1985, 1989). As illustrated in Table 1, students already
started analyzing some relations among variables (i.e., “Establishing Relationships
Among Variables” stage) in the Interpretation of the Problem stage. In our analysis, it
is possible to identify a main focus to students’ work during a certain period of time.
For instance, during the first five minutes, as the students were trying to understand
the statement of the problem, elements from other modeling stages appeared. During
“Interpretation of the Problem,” Abbie noticed the relationships between elements in
the corner of the diagonal of the square (i.e., “Establishing Relationships Among
Variables™). At that moment, her group did not elaborate on her comment until later
when they were mainly producing hypotheses; more specifically, until the moment of
writing the expression to prove their concluding hypothesis, illustrating that stages do
not necessarily happen in a fixed order.
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Figure 2. Proposed Production of Competing Hypotheses Stage. Hypothesis are
represented on the left in order of appearance. On the right, excerpts of students’
discussion along with the time code and the student initial.

Claim 3: Partial models within stages of the mathematical modeling process.

Even though Chevallard’s mathematical modeling process has proved useful, it does
not account for the complexity involved at the interior of each of the modeling stages.
Within Chevallard’s stages of Identification of Variables and Parameters (i.e., first
stage) and Establishing Relationships Among Variables and Parameters (i.e., third
stage), we have found that students produce partial models of the situation under
consideration. A partial model is a model that includes some (but not all) variables,
parameters, or relations among them. Thus, a complete model is what we would
traditionally call model, and it includes a// variables, parameters, and relations that
are relevant to study the situation under consideration. For instance, building on the
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relations identified when they first encountered the problem, Abbie proposed to write
with “algebra” the following: “All right so this is what [ have 'x' times 'x' minus 8§,

Transcript Stage Significance
[00:05:41.20] and [00:06:07.23]  Production of Competing ~ New proposed
Production of H1 and H2. Hypotheses stage.
[00:06:15.19] A: There's always  Establishing Relationships ~ Chevallard
going to be a difference of 8 Among Variables proposed this as
between this one and this one, 1, the final stage in
2,3,4, 5,6, and a difference of 6 the modeling
between this one and this one. process.
[00:09:10.03] Production of H3.  Production of Competing =~ New proposed

Hypotheses stage.
[00:09:53.17] A: The thing about Establishing Relationships  Chevallard
this is still 8 and still 6 is still Among Variables proposed this as
true. the final stage in
the modeling
process.
[00:09:39.06] Production of H4.  Production of Competing ~ New proposed
Hypotheses stage.

Table 1. Illustration of non-linearity of the modeling process.

minus 'y' times 'y' minus 6 that's basically what we're doing, yes.” At this moment
they had produced a partial model of the situation since they were not aware of the
relation between x and y. After producing that expression, they continued to check
whether it was correct or incorrect; in order to do that, they were going to replace the
letters with numbers. In the process of doing so, Abbie realized that y and x are in
fact related: “'y' and 'x' aren't like random numbers ... so we can say everything in
terms of this number right here.” This is when a complete mathematical model was
produced, including one independent variable x and three dependent variables x-7, x-
8, and (x-1)-6 with explicit relationships among the different variables. In this case,
students’ goal was to write down the expression representing the model that they
thought captured all necessary information, in order to work on it with the ultimate
goal of proving their concluding hypothesis. However, they came to realize that there
were two relationships that they had overlooked. Therefore they “went back™ to re-
write these “unnoticed” relationships.

CONCLUDING REMARKS

In this paper, we have proposed a refinement of Chevallard’s mathematical modeling
process. We proposed the inclusion of at least two others stages namely:
“Interpretation of the Problem” and “Production of Competing Hypotheses”. In
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addition, we provided evidence illustrating the non-linearity (stages do not happen in
a fixed order) of the mathematical modeling process. Lastly, we showed students’
partial models as an indication of the complexity at the interior of the stages in the
modeling process.
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