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In his classics, Fischbein proposes that geometric objects are complicated entities which possess 

both conceptual and figural aspects. Harmony between these two aspects is required for producing 

proofs successively. However, such harmony does not always occur. How do the breakdown and 

rebuild of harmony between these two aspects in dynamic geometry software (DGS) actually occur? 

In this paper, two cases of proving processes in DGS will be presented. They will illustrate the 

breakdown and rebuild of harmony between figural and conceptual aspects in DGS and how the 

discernment of invariant features may contribute to the harmony. This paper aims to contribute to the 

discussion on the role of dynamic software in the teaching and learning of reasoning, proof and 

proving. 
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INTRODUCTION  

Dragging in dynamic geometry software (DGS) allows user to generate a huge amount of 

examples and counter-examples of geometric statements which may be helpful in making 

conjectures and developing proofs (Whiteley, 2000; Whiteley, 2009). On the other hand, 

geometric objects are complicated entities which possess both conceptual and figural aspects 

(Fischbein, 1993). Lack of harmony between these two aspects may cause mistakes and 

difficulties. It is essential to build up harmony between these two aspects for productive 

reasoning and proving (Mariotti & Antonini, 2009). For instance, the need of restoring such 

harmony is essential in producing indirect proof (Antonini & Mariotti, 2008; 

Baccaglini-Frank, Antonini, Leung & Mariotti, 2011; Mariotti & Antonini, 2009). How do 

the breakdown and rebuild of harmony between these two aspects in DGS actually occur? 

Several authors (for example, Laborde 2005; Leung, 2003; Leung, 2008; Leung & Chan, 

2006; Leung, Chan & Lopez-Real, 2006) suggest that searching for invariant features under 

variation of geometric configuration is critical in DGS exploration. Building on this 

foundation, Leung (2011) proposes an epistemic model to describe the tasks in DGS. This 

model emphasizes the discernment of invariant features and its relation to reasoning and 

proving. It composes of a nested expanding structure of three epistemic modes, viz. 

establishing practices mode, critical discernment mode and establishing situated discourses 

mode. In this paper, two cases of proving processes in DGS will be presented and interpreted 

in the light of this model. They will illustrate the breakdown and rebuild of harmony between 
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figural and conceptual aspects in DGS and how the discernment of invariant features may 

contribute to this harmony. These two cases are part of data collected during the author’s PhD 

study (Chan, 2009). Kelvin (pseudonym), one of the participants of this study, is a 

mathematics teacher who is familiar with Sketchpad and sometimes uses it as a teaching aid. 

Observing ‘expert behaviours’ like Kelvin can help us understand what skills students need to 

acquire for efficiently utilize DGS to develop reasoning, proof and proving. 

EXCERPT 1 

The following is a task given to Kelvin: 

Consider any triangle ABC. Construct an equilateral triangle on each side of triangle ABC. 

There are many properties about this geometric configuration. Use Sketchpad to discover 

as many properties as possible.  

First, Kelvin proved that area of I + area of II = area of III if and 

only if 90oBAC   (figure 1). He proceeded to find an inequality 

to connect the three areas.  With the aid of Sketchpad, he made the 

following conjecture:  

1
(area of area of ) area of 2(area of area of )

2
I II III I II   

 

where III is the largest equilateral triangle, i.e. it corresponds to 

the longest side of ABC . 

In below, I will ‘zoom-in’ part of his proving process. After doing some symbolic 

computations for a while, he found that it suffices to prove 
2)(cos)()(2 BCBACACAB  where BC is the longest side of ABC and BAC is the angle 

opposite to this longest side. However, he could not prove this statement when BAC  is an 

acute angle. Therefore, he doubted the correctness of this conjecture and tried to find a 

counter-example by dragging point A up and down. When 

he observed the case as shown in figure 2, he thought that 

he had found a counter-example because both the diagram 

and the numerical values showed on the screen suggest that 

1
(area of area of ) area of 

2
DBA AFC BEC    

.  

However, after further investigation, he realized that the 

two sides AB and AC are longer than side BC. It violates 

the hypothesis of the conjecture, i.e. BC is the longest side of ABC . Hence, it is not a real 

counter-example. At the same time, he also noted that
oBAC 60 . He developed a logical 

argument to connect these two observations:  

If
oBAC 60 , the sum of the other two angles would be greater than 120o

.Thus, either one of 

these two angles must be greater than 
o60 . It implies that BC is not the longest side of the 

triangle.  
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In other words, he has proved (by the method of contradiction) that
oBAC 60  if BC is the 

longest side of triangle ABC. Then, he completed the proof of his conjecture (figure 3).  

 

 

 

 

 

 

 

Excerpt of the interview:  

Interviewer: Why did you realize that BAC must be greater than 60 degrees? 

Kelvin:         Because when I drag the point, I found that the size of BAC cannot be less 

than 60 degrees. If it is less than 60 degrees, the side opposite to 

BAC cannot be the longest side. When BAC is dragged to 60 degrees, it is 

flattened, that is D, A, F are collinear. When point A is further dragged 

upwards, the angle will be smaller than 60 degrees. I observe that BA and AC 

are longer than BC. It led me to guess that the angle must be greater than 60 

degrees. Otherwise, the other side will be longer than it. 

Analysis 

We may describe this proving process in cognitive point of view. First, the statement P of the 

conjecture    IIIIIIIII  of area of area2 of area of area of area
2

1
  is transformed into a 

working statement Q , viz. if BC is the longest side of ABC and BAC is the angle opposite 

to this longest side, then 
2)(cos)()(2 BCBACACAB  . Because of failure in proving Q, the 

correctness of conjecture P was doubted. In order to verify P, Sketchpad was used to find a 

counter-example. A potential counter-example (i.e. a geometric situation which looks like a 

counter-example but not yet confirmed) is observed (figure 2 above). After its components 

(the three sides of ABC ) were further investigated, it was found that this is not a real 

counter-example. We may call it a pseudo counter-example. This pseudo-counter example 

turns out to be a mode of critical discernment (Leung, 2011) because of simultaneous 

awareness of two critical features, viz. the hypothesis ‘BC is the longest side of ABC ’ does 

not hold when another geometric feature ‘ oBAC 60 ’ does not hold. It suggests a potential 

logical connection to these two features. It led to expanding of the exploration space into 

situated discourse mode (Leung, 2011). By retrieving previous known theorems, a deductive 

argument to explain these simultaneous occurring features was developed.  

EXCERPT 2 

The following is another task given to Kelvin: 
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ABC is a triangle on a plane. P is an arbitrary point on that plane. Let X, Y, Z be the feet of 

the perpendicular lines drawn from P to the sides AB, BC and AC respectively. (Sides AB, 

BC and AC can be extended if necessary.) Use Sketchpad, find all possible positions of P 

such that X, Y, Z are collinear.  

In below, I will ‘zoom-in’ part of Kelvin’s solution process. 

Full description can be found in Chan (2008). With the aid of 

Sketchpad, Kelvin found some suitable positions of P by 

trial-and-error. However, he could not figure out any patterns 

from these positions. Therefore, he ‘put’ this geometric 

configuration into coordinate plane (figure 4). After some 

tedious computations, he found that the equation of the locus of 

P is 

  

 

where the coordinates of A, B, C and P are (0,0), (1,0), (u, v) and (x, y) respectively. He noted 

that this equation represents a circle with x-coordinate of its center equal to
2

1
 and this 

x-coordinate is independent of (u, v) (a kind of invariant feature). As AB lies on x-axis and has 

length 1, this observation implies that the center lies on the perpendicular bisector of AB. By 

symmetry, (this word was used by Kelvin in his explanation of the proving process) he 

concluded that it also lies on the perpendicular bisector of the other two sides BC and AC and 

hence it is the circumcenter of ABC . What he remains to do was to find the radius of the 

circle. However, it was too complicated to be derived from the equation. Sketchpad was used 

to complete the task. First, he constructed the circumcenter I. Then, he measured the lengths 

of PI, IB and IC and dragged P until points X, Y, Z are collinear. He observed that the three 

lengths are more-or-less equal. After trying for several times, he confirmed that the locus of P 

is the circumscribed circle of ABC because the above equation represents a unique circle. 

Excerpt of the interview: 

Interviewer:  Can you explain more clearly how you concluded that the center of the circle 

is the circumcenter?  

Kelvin:       I set A as the origin (0, 0) and B as (1, 0). The length of AB is 1 unit. The 

x-coordinate of the center is 
2

1
. That is, the center lies on the perpendicular 

bisector of AB. It is independent of the [choice of] coordinates [of point C]. 

Therefore, I can flip the diagram and put it on another coordinate axis. I 

rename the sides, say AC. I move the triangle and put it on another coordinate 

axis. Following the same computation method, I can still get 
2

1
, that is [the 

center also lies on] the perpendicular bisector of AC. The intersection is the 

circumcenter.  

Interviewer: That is what “by symmetry” means? 

0
22

22 
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Kelvin:         The figure is not symmetric, but I have used a symmetric way of thinking. 

Interviewer:  Symmetric way of thinking? 

Kelvin:       The property is independent of the choice of coordinates. Therefore, I can 

predict that the same property can be reached if the figure is rotated by a 

certain angle. Actually, this is not a guess, from my perspective, this is a 

proof – only that I haven’t written it down.  

Analysis 

We may describe this proving process in cognitive point of view. Trial-and-error was used at 

the first instance but it could not provide useful information. Brute-force computation 

(coordinate geometry) was then used. It provided him some new information, viz. the 

required locus is a circle. Further investigation led to discernment of an invariant feature, viz. 

the center is independent of the choice of coordinates.  By dynamic way of thinking (flipping 

the diagram and put it on another coordinate axis), the symmetric nature of the equation is 

realized and the geometric meaning of the center of the circle is discerned. This is critical 

discernment mode (Leung, 2011). In order to complete the proof, the situated discourse mode 

(Leung, 2011) is entered by means of an educated guess. Contrasts to wild guess, an educated 

guess means guessing based on information of the problem previously known. As the center 

of the locus is the circumcenter, it is natural to guess that the locus is indeed the circumcircle. 

The task is completed by both inductive reasoning (verify the guess by measurement tool of 

Sketchpad) and deductive reasoning (the equation represents a unique circle).  

DISCUSSION 

Figure 5 and figure 6 indicate the cognitive flows between figural aspect and conceptual 

aspect (Fischbein, 1993) in Excerpt 1 and Excerpt 2 respectively. The dotted line indicates a 

cognitive breakdown between figural and conceptual aspects. In Excerpt 1, the breakdown is 

caused by unable to prove the conjecture. It leads to an intention to find a counter-example. In 

Excerpt 2, the breakdown is caused by unable to interpret the results found in trial-and-error 

search. It leads to a change of solving strategy (brute-force computation). Rebuilding the 

harmony between figural and conceptual aspects is essential for the success in solving a task 

(Mariotti & Antonini, 2009; Fischbein, 1993). It is indicated by dark black lines.  
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Figure 5 

 

 

Figure 6 

In Excerpt 1, the invariant feature under investigation (that is, the inequality in the conjecture) 

failed in the potential counter-example (figure 2). This surprising observation led to an 

intention to seek for an explanation. While noting the simultaneous failure of two other 

invariant features (‘BC is the longest side of ABC ’ and ‘ oBAC 60 ’), theoretical 

reasoning was emerged to restore the cognitive breakdown between figural and conceptual 

aspects. The surprising observation could be explained by the fact that AB or AC (instead of 

BC) becomes the longest side of ABC . This is equivalent to rotating ABC  mentally so 

that the longest side is ‘moved’ from bottom to adjacent. It turned out that the potential 

counter-example not only became a pseudo counter-example but also an inspiring example 

for the emergence of the proof. The harmony between figural and conceptual aspects was 

restored by the transition from experimental reasoning to theoretical reasoning. In Excerpt 2, 

opposite direction of reasoning transition was found. The intention to interpret the 
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(brute-force) computation result (that is, the x-coordinate of the circle representing the desired 

locus equals to 
2

1
) inspired him to rotate ABC  (mentally) so that BC or AC (instead of AB) 

lies on the x-axis. This theoretical reasoning led him to discern the invariant feature (that is, 

the center lies on perpendicular bisector of each of the sides of the triangle). This invariant 

feature turned out to be an inspiration for an educated guess which was verified 

experimentally. In this episode, the harmony between figural and conceptual aspects was 

restored by the transition from theoretical reasoning to experimental reasoning. 

What is the role of DGS in teaching and learning of reasoning, proof and proving? It is 

generally assumed that the harmony between figural and conceptual aspects is required for 

productive reasoning, proof and proving (Mariotti & Antonion, 2009). In this paper, it was 

argued that discernment of invariant features of a geometric configuration plays a significant 

role in such harmony. In earlier works of the author of this paper (for example, Chan 2008; 

Chan, 2009), it was argued that the interplay between experimental and theoretical aspects in 

DGS is essential in such discernment. This paper further provides two examples to illustrate 

two different modes of interplay (one is from experimental to theoretical whereas another is 

from theoretical to experimental). In both examples, dynamic way of thinking (in particular, 

‘moving’ the configuration mentally) is involved. One possible way to enhance students’ 

abilities to reasoning, proof and proving is to design suitable DGS tasks which target on 

developing students’ dynamic way of thinking. Two types of tasks can be designed. One 

focuses on the transition from experimental reasoning to theoretical reasoning whereas 

another focuses on the transition from theoretical reasoning to experimental reasoning. 

Nevertheless, all these need further explorations and justifications. More empirical studies are 

needed to investigate how such DGS tasks should be designed and test the effectiveness of 

these tasks on enhancing students’ abilities to reasoning, proof and proving. Yet, we believe 

that we have opened up a door of a fruitful research area which has both theoretical and 

pedagogical implications.  
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