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The purpose of this paper is to theoretically characterize proving processes in school mathematics 

based on nature of argumentation with particular focus on Toulmin’s concept of “field”. Various 

research studies have elaborated students’ difficulties with which they meet in proving processes. 

The overall aim of this study is exploring a new approach to the learning and teaching of proving 

from the side of students, especially concerning how we can guide students to acquire actual 

knowledge of ways of overcoming such difficulties. By considering the concept of field, we can 

characterize proving processes as making probable arguments in planning a proof and refining such 

arguments in constructing a proof, based on standards which depend on types of each element 

involved in the arguments. We finally discuss educational implications based on the characterization. 
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INTRODUCTION 

Proof and proving should be central to students’ school mathematical experience (Yackel & 

Hanna, 2003). However, as in many other countries (e.g. Harel & Sowder, 2007), 

innumerable Japanese students have difficulties in producing proofs. In order to break 

through this situation, Japanese mathematics educators recently call for improvement of 

teaching by dividing proving processes into several phases, such as planning a proof and 

constructing a proof. Through such teaching, students can be expected to acquire actual 

knowledge concerning how to plan and construct a proof (cf. Hanna & Barbeau, 2008). 

To design learning and teaching of proving from this approach, we need firstly to look at how 

students actually tackle planning and constructing a proof and secondly to clarify how we can 

guide them to improve their ways of tackling both phases. Related particularly to the first 

issue, a number of studies have focused on argumentation, and characterize students’ 

processes in not purely logical manner as they use deductive, inductive or abductive 

arguments (e.g. Douek, 2007; Pedemonte, 2007). Such characterizations imply genuine 
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aspects of students’ proving activities and also important for development of students’ logical 

thinking (Knipping, 2008). This consideration gives us a reason to focus on nature of 

argumentation to characterize proving processes at least concerning the above first issue. 

While many researchers capture nature of argumentation based on Toulmin’s (1958/2003) 

“layout of arguments”, only few focus on his concept of “field”. Field of an argument means 

a type of data, claims or warrants involved in the argument. Toulmin pointed out that the 

standards for assessing arguments depend on the field. Knipping (2008) and Pedemonte 

(2008), who take into account field, focus on classroom context and personal conception 

respectively, and identify a field to which a whole argumentation belongs to. 

On the other hand, arguments or their elements in a situation do not necessarily belong to the 

same field (Toulmin, 1958/2003). This consideration can provide us with a wider perspective 

to characterize students’ proving processes, including not only making informal arguments 

but also refining them through assessing concerning various fields. Such characterization will 

make us possible to cover the above two issues, that is, to view closer how students actually 

tackle proving and to clarify how we can improve students ways of proving. Therefore, 

towards the learning and teaching of proving, this paper explores the following research 

question: “how can we characterize proving processes based on Toulmin’s concept of field?” 

THEORETICAL BACKGROUND 

Emphasis on planning and constructing proofs in Japan 

In the case of Japan, recommendation of the emphasis on planning and constructing proofs 

mainly came from nationwide surveys. Figure 1 shows a typical problem that explicitly 

presents solvers with activities related to finding unorganized elements in planning phase and 

organizing such elements in constructing phase. As a result, 63.9% of the students answered 

correctly and 17.9% answered nothing (see also Chino et al., 2010). It was surprising since 

approximately 30-40% of the students can answer correctly and 30-40% answer nothing in a 

usual proof problem. Then, mathematics educators began to put more attention on how 

students tackle planning and constructing proofs and how teachers can improve their ways. 

Thus, we approach to the learning and teaching of proving by explicitly showing students 

how they actually find various unorganized elements in planning a proof and organize such 

elements in constructing a proof. With regard to Figure 1, we need to deal with both of the 
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Figure 1: Proof problem in National Institute for Educational Policy Research in Japan (2006) 

processes concerning informal elements described in “Nakamura’s plan of proof” and the 

arrows leading them to “Nakamura’s proof” as explicit object of learning and teaching. From 

this approach, students can be expected to gain ideas concerning how they produce a proof. 

Literature review  

Planning a proof is to speculate about and conjecture how to make a connection between the 

premise and the conclusion of the statement; constructing a proof is to organize a connected 

sequence of deduction based on a plan; and activities related to planning and constructing a 

proof progress in back-and-forth way in proving processes (Tsujiyama, 2011). In planning a 

proof, students find various elements and relations which seem applicable to a proof. 

However, such elements and relations are not necessarily differentiated yet, so they might be 

indeed inapplicable. Thus, students need to organize them when constructing a proof. 

Concerning planning a proof, it has been extensively pointed out that not only forward 

reasoning but also backward reasoning is useful (e.g. Polya, 1957/2004; Heinze et al., 2008). 

On the other hand, students may not be mature enough to success in such a “smart” way. In 

addition, given that informal elements occur even when professional mathematicians are 

engaged in proving (Thurston, 1994), logical point of view such as forward/backward 
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reasoning is not sufficient to characterize students’ processes. Therefore, we consider the 

concept of argumentation, which connotes probable aspects of forward/backward reasoning. 

Argumentation is a process of both making probable arguments and assessing already made 

arguments. An argument is logically connected (but not necessarily deductive or formal) 

reasoning (Douek, 2007). As described in the introductory section, many studies quote 

Toulmin’s (1958/2003) “layout of arguments” (Figure 2) to describe students’ activities. 

However, in many cases, they use the layout only partially. For the purpose of this paper, we 

need to fully apply Toulmin’s consideration, including the concept of “field”. 

Toulmin’s concept of “field” 

Toulmin criticized the formal approach to logic and aimed at constructing logic by 

considering how we make and assess arguments in practice. This standpoint was clearly 

shown in his criticism of “analytic arguments”, which use “formal syllogism”, and his 

emphasis on “substantial arguments”, which justify unknown claim with known grounds with 

probability (Toulmin, 1958/2003, p.117). Focusing on this practical aspect of arguments, he 

explored in what point the manner in which we assess arguments varies (“field-dependent”) 

and does not vary (“field-invariant”) (ibid, p.15). 

Toulmin defined “field” as follows: “two arguments will be said to belong to the same field 

when the data and conclusions in each of the two arguments are, respectively, of the same 

logical type” (ibid, p.14). Logical type of a ground or a claim means what it is about, for 

example, “reports of present and past events, predictions about the future, verdicts of criminal 

guilt, aesthetic commendations, geometrical axioms and so on” (ibid, p.13). Then Toulmin 

demonstrated that standards for assessing arguments vary depending on their type. 

We need to note that field is not related only to warrants. In the later discussion when Toulmin 

presented the six elements of “layout of arguments”, he explicitly referred to field only when 

 

 

 

 

 

Figure 2: Layout of arguments (Toulmin, 1958/2003, p.97) 

he explained backing to warrants (ibid, p.96). However, for each element he gave many 

examples of arguments of various types. Also he illustrated that standards vary for assessing 

not only warrants but also claims, data and backing. 

So  

Since  

On account of 

Unless  

Data      Qualifier      Claim 

   Warrant

   Backing

   Rebuttal
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In summary, we point out two essential aspects of field: (a) a field of an argument is identified 

by the logical type of any element of the argument; and (b) if two arguments belong to 

deferent fields, the standards for assessing them are deferent. 

CHARACTERIZATION OF PROVING PROCESSES 

We characterize processes of planning and constructing a proof. As Toulmin conceptualized 

argumentation with centring on probability, planning and constructing a proof are considered 

as a kind of conjecturing probable arguments and organizing such arguments respectively. In 

this regard, logical type of an element of argument shows whether the element is probable or 

necessary. From the side of students, we need to consider whether the students think such 

element is probable or necessary. 

Based on these considerations, concerning the above aspect (a) of field, we can characterize 

planning a proof by considering which element of the arguments is probable. Since deductive 

arguments mainly consist of data, warrant and claim (Pedemonte, 2007), we focus on three 

cases, that is, data, warrant, or claim is probable. Concerning (b), we can characterize 

constructing a proof as assessing probable arguments based on standards which depend on 

fields of the arguments. 

In the following, we characterize planning and constructing a proof and illustrate hypothetical 

examples of the characterization. We especially place emphasis on organizing and refining 

conjectured arguments in constructing a proof towards implications for learning and teaching. 

Characterization of planning a proof 

When data is probable, unknown data is used to derive a claim. Figure 4 shows that a student 

conjectures an unknown Data 1 from the diagram of Problem 1 (Figure 3). 

 

 

 

 

 

 

 

 

 

 

Problem 1 

Prove that in the 

diagram if AB = AD 

and ∠ ABC = ∠

ADE, FEC is 

isosceles. 

So  

Since 

Data 1: AEC is 
isosceles 

Claim 1: ∠ AEC = 
∠ACE 

Warrant 1: Base angles in any 
isosceles triangle are equal 

 Figure 3: Problem 1                                            Figure 4: Argument 1 
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Figure 5: Argument 2                                            Figure 6: Argument 3 

When a warrant is probable, unknown warrant is used. Figure 5 shows that the student 

conjectures Data 2 to derive Claim 2 (i.e. the conclusion of Problem 1) in not strictly logical 

way and unconsciously uses the Warrant 2 which is not proved yet. 

When a claim is probable, unknown claim is used. Figure 6 shows that the student conjectures 

the Claim 3 by Data 3 which miss one more data for any congruent condition of triangles. 

Several studies have pointed out that students make illogical arguments and that such 

arguments can be useful or even obstacles (e.g. Douek, 2007; Pedemonte, 2007). Here we 

consider fields of arguments and see that one argument can contain elements of different 

types. This aspect is not considered in detail in the literature. For example, in Argument 1, if 

we use terminologies of Knipping (2008), data is visual but warrant is conceptual. Such 

deference can influence later processes of constructing a proof. 

Characterization of constructing a proof 

In constructing a proof, students need to organize arguments which they conjectured when 

planning a proof. By using conjectured Data 1, Warrant 2 and Claim 3, the student obtains 

partially connected arguments (Figure 7) and needs to check and organize them. 

With regard to data, Data 1 depends on a visual aspect of the given diagram. By drawing 

another diagram, the student can assess arguments based on another standard, that is, the 

Since AEC is isosceles [Data 1] and “base angles in any isosceles triangle are equal”, ∠AEC = ∠
ACE. (i) 

Since AB = AD and ∠ABC = ∠ADE are given, ABC and ADE are congruent [Claim 3]. 

Since ABC and ADE are congruent and “corresponding angles in any congruent triangles are 
equal”, ∠AED = ∠ACB. (ii) 

Since (i) and (ii), ∠FEC = ∠AEC – ∠AED = ∠ACE – ∠ACB = ∠FCE. 

Therefore, since ∠FEC = ∠FCE and “if two angles are equal in a triangle, the triangle is 
isosceles” [Warrant 2], FEC is isosceles. 

                          Figure 7: Connected arguments by using Arguments 1-3 

 

So  

Since 

Data 2: ∠FEC = 
∠FCE 

Claim 2: FEC is 
isosceles 

Warrant 2: If two angles are equal in a 
triangle, the triangle is isosceles 

So  

Data 3: AB = AD 
and ∠ ABC = ∠
ADE 

Claim 3: ABC 
and ADE are 
congruent 
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Since AB = AD and ∠ABC = ∠ADE are given, ABC and ADE are congruent [Claim 3]. 

Since ABC and ADE are congruent and “corresponding sides in any congruent triangles are 
equal”, AC = AE. 

Since AC = AE and the definition of isosceles triangle, AEC is isosceles [Data 1]. 

Figure 8: Refinement of Data 1 

student can check Data 1 with respect to the new diagram. Drawing another diagram also 

gives the student an opportunity to look at the premise of the problem again and check 

whether data is valid under the premise. Through checking arguments in this way, the student 

may notice probability of Data 1 and organize related arguments. For example, the student 

may look for data to draw Data 1 and find Claim 3, then change the positional relationship of 

Data 1 and Claim 3 and organize related arguments (Figure 8). 

With regard to warrants, Warrant 2 is not proved yet. Figure 7 itself shows that the student is 

allowed to make arguments by using unproved Warrant 2. To make such arguments, students 

need a different standard, that is, assessing the appropriateness of a warrant in accordance not 

with its validity but with its possibility to be used for (partially) connected arguments. By 

making such arguments, the student can formulate the unproved warrant as new problem to 

prove, or can organize whole arguments by using other proved warrants. In the latter case, the 

student can use Warrant 1, which is the converse of Warrant 2. 

With regard to claims, elements of different types can be used to derive the claim. In 

Argument 3, Data 3 and Claim 3 are of specific type but expected warrant to bridge them (one 

of the congruent conditions of triangles) is of general type. By rephrasing congruent 

conditions specifically, the student can check the argument with respect to another standard. 

ASA specifically means that “if two pairs of angles ∠ABC and ∠ADE and the other pair are 

equal and included sides AB and AD are equal, ABC and ADE are congruent”. By 

checking this specific type, the student can find the other pair ∠BAC and ∠DAE (Figure 9). 

AB = AD and ∠ABC = ∠ADE are given, and ∠BAC = ∠DAE since they are congruent. 

Since they satisfy ASA in ABC and ADE, ABC and ADE are congruent. [Claim 3] 

Figure 9: Refinement of arguments to derive Claim 3 

DISCUSSION: APPROACH TO THE LEARNING AND TEACHING OF PROVING 

Since students are on the process of development of logical thinking, it will be difficult for 

them to organize probable arguments in constructing a poof. Based on the above 

characterization, we discuss implications for the learning and teaching of proving. 
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Prior to refining probable data, students need to notice that the data is probable. As Dvora & 

Dreyfus (2011) showed, it is difficult for students to notice that even if they are directly asked 

about probable data by interviewers. Their examples imply that students may not be able to 

notice and refine probability by simply checking the arguments again. Considering the above 

characterization, changing fields leads to different standards for checking. With this regard, 

students need to draw another diagram to check probability of the data. Therefore teachers 

need to give students a motive to draw another diagram. It could be efficient to let them 

explain their arguments to other students in a situation that the problem is not written in a 

blackboard. They spontaneously need to draw a new diagram by themselves. This approach is 

consistent with the fact that historical mathematicians checked proofs in Euclid’s “Elements” 

whether the proofs could be applicable for other cases than given diagrams, and that such 

works contributed the development of mathematics (Heath, 1908/1956). In addition to 

inquiry into other cases after proof production as historical mathematicians, this approach 

involves guiding students to such inquiry in the process of constructing a proof. 

Prior to examining utilization of an unproved warrant, students need to make arguments with 

such warrant. Therefore teachers need to set a classroom situation in which students feel free 

to present unknown warrants and then remove doubt about them. In the aforementioned 

example, Warrant 2 is not given or proved yet but found by the student in planning a proof. 

Such activities are mathematical genuine as in Fawcett’s (1938) innovative practice in which 

students make assumptions by themselves. In addition to dealing with assumptions as direct 

object of inquiry as Fawcett, we can focus on probable warrants which students find by 

chance in planning a proof and then guide students to examine such warrants. This approach 

will promote inquiry into assumptions from the side of students’ proving processes. 

Prior to refining an argument to justify a claim by rephrasing it specifically or generally, 

students need to make arguments which include a leap. As Jahnke (2008) pointed out, it could 

be efficient to encourage students to construct propositions or proofs that include exceptions. 

Allowing students to construct such propositions or proofs, teachers might able to guide 

students to check their probability and then refine them to more sophisticated ones. 

In summary, based on the above characterization, teachers are required to facilitate students’ 

proving activities with focusing on “insufficient” construction and refinement of the 

insufficiency in back-and-forth way. Through such activities, students are expected to refine 

illogical arguments into more logical ones. In addition, to gain students’ actual knowledge of 

ways of proving, teachers need to make such activities visible for students. This will give 

students opportunities to reflect on their past experiences and to learn how they can tackle 

proving more efficiently. To present students their past experiences, it could be efficient to 
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utilize the idea of heuristic worked-out examples (Heinze et al., 2008) with not actually well 

worked processes by students. 

CONCLUDING REMARKS 

This paper theoretically characterized proving processes based on Toulmin’s concept of field. 

The characterization mainly consists of making probable arguments and organizing the 

arguments based on standards which depend on types. Since this paper focused on field, it 

could not consider enough the relationship between field and the “layout of arguments”. This 

consideration will be essential to fully apply Toulmin’s theoretical contributions to learning 

and teaching of proving. This paper also discussed implications for the learning and teaching 

of proving. Considering the fact that many students have difficulties in planning and 

constructing a proof, there is an especial need for empirical studies based on the implications 

concerning how teachers can promote students’ proving activities. 
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