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Abstract 

In this presentation, I will report a study done to explore prospective secondary 

mathematics teachers’ perception of what constitutes a proof and how they assess the 

validity of a proof, and to investigate the relation, if there is any, between their perception 

and practice. An hour to 90 minutes interviews were conducted with six senior 

prospective secondary mathematics majors for data collection. The results revealed that 

the participants’ perception of proof is aligned with mathematicians that proof should 

explain why something works. Also, none of the participants accepted empirical 

arguments as a valid proof regardless of the number of examples used. Lastly, for all 

participants, the criterion for a valid proof was logical deduction.   

 

Introduction 

Research has demonstrated that there is a consensus on the integral role of proof in 

mathematics among mathematicians and mathematics educators (Hanna, 2000; Jones, 

1997; NCTM, 2000; Schoenfeld, 1994). On the other hand, there are a considerable 

number of research studies showing that students do not see proof as an essential part of 

mathematics (e.g. Alibert, 1988; Coe & Ruthven, 1994; Knuth, 2002; Schoenfeld, 1995). 

Unfortunately, most students see proof as a redundant activity which is done to confirm 

already known facts (Coe & Ruthven, 1994). This perception is considered to be critical 

in terms of their difficulties in doing proof (Furingetti, Olivero & Paola, 2001).  

 

Reform-based mathematics instruction places significant emphasis on having students 

develop and evaluate mathematical arguments and proofs (NCTM, 2000). On the other 

hand, educational research has shown that both students and teachers have difficulties in 

these practices. Morris (2007), for example, found that prospective elementary teachers 

rarely use logical validity as a criterion for evaluating arguments. In a similar vein, Knuth 

(2002) found that in-service high school teachers would accept flawed arguments as 



proofs if they were in an appropriate format. Selden and Selden (2003) and Alcock and 

Weber (2005) found that mathematics majors, contrary to their intentions, performed at 

chance level when asked to determine if a proof is valid. Lastly, Weber (2009) stated that 

unlike prospective elementary teachers, mathematics majors who took a proof transition 

course do not accept empirical arguments as valid proofs. Although proof perception and 

validation practices are well studied, there has not been research focusing on special 

group, namely prospective secondary mathematics teachers. I believe that it is critical to 

study this community who are the students of today and teachers of tomorrow who will 

interact most with students during their proof experiences, often in geometry context. 

With this in mind, the study reported here was done to explore prospective secondary 

mathematics teachers’ perception of what constitutes a proof and how they assess the 

validity of a proof. The goals of the validity assessment practice were to identify the 

participants’ criteria for a valid proof and to investigate the relation, if there is any, 

between their perception and practice. 

Methodology 

Participants: The study was conducted with six senior secondary mathematics education 

majors from a large southeastern university in the U.S. All of the participants had 

Calculus I, II, and III, Linear Algebra, Geometry and a transition to proof course at 

undergraduate level. Four of the participants were traditional students who attended 

college right after their high school education. Other two participants were career 

charger. 

Data Collection and Analysis: Data for this study was collected qualitatively through 

semi-structured interviews. The researcher met with the participants individually to 

conduct the interviews which lasted 1-1.5 hours. Students were asked several questions to 

understand their perceptions about mathematics, proof, mathematical definitions, role of 

proof in mathematics, validity of a proof. They were also given different student 

arguments for two propositions to assess the validity of the arguments. Member check 

and peer-evaluation was used for the validity of the interpretations. 

 

 

 



Results 

What is a proof? 

When the participants were asked about their understanding of proof, the common 

perspective was that it is the way to show why “something” works. All students 

emphasized the role of proof as to “explain why”. Proof has been perceived as the answer 

for all possible questions about the statement. Following are some quotes in this regard: 

 

Chris: It is basic. It covers all possible side arguments. You can explain and answer all 

the related arguments. 

 

Laura: When you are trying to argue a point and if you say this is the way it should be 

somebody will ask you “why?” and you have to be able to break down your argument 

and say “well, this is why?”. You need to be able to show why it is true.  

 

This result is not consistent with previous researches which showed that a majority of 

students see the role of proof as to verify an algorithm or a statement ( Healy and Hoyles, 

2000; Varghese, 2009). In this study, the group’s perspective was more aligned with of 

mathematicians. They were interested in “more than whether a conjecture is correct, they 

want to know why it is correct” (Hersh, 1993). Three of the students stated proof as a 

way of showing their understanding of the concept. Adam, for example argued that  

“proof is a great way to teach mathematics. Because if you do proof with your students, 

walk through with them, they can see why that works. They can maybe better understand 

the concepts rather than just knowing the concept or idea. You can know something and 

you can understand something”. He further stated that one of the roles of proof is to 

discover mathematics which is not a common view among students. Only one student 

mentioned validation as a role of proof besides explaining. He argued that proof is done 

to validate already known facts and explain why they work.  

   

Structure of a proof 

All of the participants described their proof approach as starting with the givens and 

“working” with them to reach the conclusion. They claimed to use all the givens to have 



a “successful proof”. In the middle stage, they had different approaches to find the way to 

the conclusion. One student, Chris, stated that he looks for the key words to identify the 

best proof method to employ. He explained that when a statement uses universal 

quantifier, he first tries induction method. However, if the statement is in the form of 

“if…then” he tends to use direct proof first, and if it does not work then contradiction or 

contrapositive. On the other hand, Brad argued to manipulate the givens to reach the 

conclusion. He stated that “a lot of my proofs are just because of givens…you have to see 

what you are looking at if it is something that you can manipulate most likely it is going 

to be some kind of direct proof because all you have to do is to figure out a way to 

manipulate it to get it look line what you want it to look like”. His approach was 

consistent with his perception of proof as validating the already known facts with 

explaining each step.    

 

Validity of a proof: 

For all participants, the criterion for a valid proof was logical deduction. They focused on 

whether each statement in the proof followed from previously established truths or the 

assumptions of the proposition through logical reasoning. They agreed that a proof can be 

invalid due to the unfounded assumptions or incorrect line of reasoning. Their practice of 

evaluating the validity of a given proof was aligned with their perception of a valid proof. 

Discussions on the validity of the student arguments provided in Appendix A and 

Appendix B exemplified the consistency. For instance, none of the participants accepted 

the Student Argument #1 for proposition 2 as a valid proof. Although, it was presented in 

the most familiar structure, two-column proof, they criticized the flow of the statements 

as not being logical. Moreover, they analyzed the explanation of each statement and 

checked for its validity. For example, they all stated that starting from step five the 

provided reasons do not support the statements. Some of them put check marks next to 

each reason if it made sense or not. Four of them made the argument that the drawing was 

not scaled so nobody can make assumptions about it. Emily, for instance, commented that 

“I am so bad with assuming and do it all the time and Dr. Johnson (pseudonym) always 

warns me about it”. 

 



Unlike many research findings (e.g. Martin&Harel, 1989; Morris, 2007) none of the 

participants accepted empirical arguments (#1 and 4 for proposition #1 see Appendix A) 

as a valid proof. They all argued that both of them only provide specific examples that 

verify the “proposition works” but it does not guarantee that it will always be true. They 

also made the clarification that student argument #4 is logically the same with argument 

#1only with more examples. However, four of the participants stressed the importance of 

example based reasoning for personal conviction. Lily, for example, stated that “this is 

the proof, this is the explanation. Here are some numbers that you can try, but I do not 

think it would be a proof by itself. But they can help them arrive at the proof.” Weber 

(2009) also found a similar result with mathematics majors. In his research, 26 out of 28 

participants also did not find empirical arguments as convincing. He hypothesized that an 

explanation for this result would be the participants’ experience in a transition to proof.      

 

Participants of the study tend to refuse filling the gaps of a “dense proof” (Solow, 2000). 

Although they could make the connection between two steps, they criticized students not 

providing them in the proof as seen in student argument#2 for Proposition 2 (See 

Appendix B).    

 

When they were asked the question “who would be the person to ask to check the validity 

of their proof”, only Emily had the limited perspective of having her teachers as the final 

authority. For the other five participants, although all of them had the idea that their 

mathematics instructors could be one person to ask to check the validity of their proof, 

the bottom line was having the “appropriate knowledge in and experience with 

mathematics” or being “higher mathematical thinkers”.      

 

Lastly, although all of the participants had serious hesitation about their ability to do 

mathematical proofs, they all developed a strong perception of how a valid proof should 

look like. The results of the analysis of their perception of a valid proof are encouraging 

as being parallel to what mathematicians have. As it was stated by most of the 

participants, their lack of experience with mathematical proof negatively affects their 

confidence in providing, even working on constructing formal proofs.    



Conclusion 

The results of this study is encouraging in the sense that at least this group of prospective 

secondary mathematics teachers’ perception about proof is aligned with mathematicians 

that proof is important to understand why something works. They all value the role of 

proof in mathematics and acknowledge its explanatory role. Moreover, none of the 

participants accepted empirical arguments as a valid proof. Despite the encouraging 

results, we still face the problems of not liking proof “since it is hard”, having limited 

experience with actually doing proofs and discussing the validity of proofs, and the “if 

and only if” relation between the insecurity in the ability of constructing proofs and being 

inexperienced in doing it. One way to address this issue for secondary mathematics 

education curriculum would be to include a “transition to proof” course early in their 

programs so that students would have the necessary tools to work with proof in different 

contexts through their degree. As they have more experience with proof they might be 

more confident in their ability to do them and eventually integrate more in their teaching 

when they are in the field. Also, proof validation activities offer a unique space for them 

to be exposed to several different proofs without actually constructing them. As they have 

more of these activities, they would have more examples to refer to, use or even mimic 

when they try to prove a statement.    
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Appendix A 

Proposition 1: Prove that the sum of 3 consecutive integers is divisible by 3 

 

Figure 1: Student arguments for the proof of Proposition 1 

 



Appendix B 

Proposition 2: Given that l is a line, BA  and DC  , prove that 

 90CmAm  .  

                                                                    

 

Figure 2: Student arguments for the proof of proposition 2  


