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A study of French and German curricula of secondary schools have shown that 
arguments of plausibility and arguments of necessity are both encouraged in 
mathematic teaching. We show that the mathematics textbooks used in these 
curricula give examples of argumentations and proofs involving both kinds of 
arguments. These examples illustrate the theoretical frame presented in this paper 
and chosen to explain the use and the combination of arguments which can be 
understood through the concept of the function of validation. 
 
We have shown in [Cabassut 2003, 2005] that plausible reasoning, pragmatic proofs, 

visual perception or induction are present in validations used in the mathematical 

curricula of secondary schools in France and Baden-Wurtemberg. We expose here 

the theoretical frame chosen to compare the validation of mathematic statements in 

France and in Germany. 

1 The theoretical frame 

1.1 Toulmin’s theory of arguments 
From [Toulmin 1958] we consider an argument as a three-part structure (data, 

warrant, claim). We apply a warrant to data to produce a claim. We call arguments of 

plausibility the “arguments in which the warrant entitles us to draw our conclusions only 

tentatively (qualifying it with a ‘probably’) subject to possible exceptions (‘presumably’) or 

conditionally (‘provided that …’)” [Toulmin 1958, 148]. Toulmin calls them ‘probable 

arguments’. As probability has a strong mathematical connotation, we prefer the term 

‘argument of plausibility’. It’s also a reference to the plausible reasoning of [Polya 

1954] described under the name of abduction by  [Peirce 1960, 5.189]: “The surprising fact 

C is observed, but if A were true, C would be a matter of course; hence, there is reason to suspect 

that A is true”. We call arguments of necessity “the arguments in which the warrant entitles us 
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to argue unequivocally to the conclusion” [Toulmin 1958, 148]. The ‘modus ponens’ is an 

example of argument of necessity: A is observed, and ‘if A then C’ is true, then C is 

necessarily true. We call ‘validation’ a reasoning that intends to assert, necessarily or 

plausibly, the truth of a statement. A ‘proof’ is a validation using only arguments of 

necessity and an ‘argumentation’ is a validation using arguments of plausibility and 

maybe arguments of necessity.  

[Perelman, Olbrechts-Tyteca 1969] distinguishes different audiences to which the 

validation is addressed. The self as audience and a particular audience are subject to 

persuasion which is grounded on the specificity of the character of the audience. A 

universal audience is subject to conviction which is based on rationality. We can 

consider that these audiences or their rationalities are attached to the institutions in 

which the validation is established.  

For [Balacheff 1991, 188-189] “argumentation and mathematical proof are not of the same nature: 

The aim of argumentation is to obtain the agreement of the partner of the interaction, but not in the 

first place to establish the truth of some statement. As a social behaviour it is an open process, in 

other words it allows the use of any kind of means; whereas, for mathematical proofs, we have to fit 

the requirement for the use of knowledge taken from a body of knowledge on which people 

(mathematician) agree”. We can consider that in a mathematical institution where a 

statement is proved (for example in a journal of mathematics, or in a mathematical 

seminar), the people (the mathematicians) agree with the mathematical knowledge 

that only admits arguments of necessity. The arguments of necessity in a 

mathematical proof of a statement establish the necessity of the truth of this 

statement. When a mathematician uses an argument of plausibility to sustain a 

conjecture, or as a heuristic to look for the proof of an assertion, he doesn’t make his 

assertion more true or more plausible from the point of view of mathematical theory. 

This mathematician can obtain the agreement from other mathematicians on the 

plausibility of his conjecture, but this agreement will be based on intuition, 

experimental methods or everyday mathematical practice using inferences taken from 

outside of mathematical theory. For example, plausible reasoning is not admitted in 
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mathematical theory. In an other institutions, for example in biology classes, or in  

maths classes during the heuristic phase of problem-solving, or in a pupils’ group 

discussing the proof of a statement, an argumentation that uses arguments of 

plausibility will establish the plausibility of the statement if the arguments of 

plausibility employed are part of the body of knowledge of this institution. In this 

case all the members of this institution agree with the argumentation. In mathematical 

institutions or other institutions, the partners’ agreement means that arguments 

employed are in the body of knowledge shared by all the members of the institution. 

Mathematical institutions have formal theories to prove statements. Other institutions 

often have informal theory to argue for statements. “Demonstrative reasoning has rigid 

standards, codified and clarified by logic (formal or demonstrative logic), which is the theory of 

demonstrative reasoning. The standards of plausible reasoning are fluid, and there is no theory of 

such reasoning that could be compared to demonstrative logic in clarity or would command 

comparable consensus” [Polya 1954]. 

To explain the combination of arguments of necessity and arguments of plausibility 

in a same validation we need to identify the different functions of a validation. 

1.2 Functions of a validation 

De Villiers proposed different functions of the proof in mathematics : “verification 

(concerned with the truth of a statement), explanation (providing insight into why it is true), 

systematisation (the organisation of various results into a deductive system of axioms, major 

concepts and theorems), discovery (the discovery or invention of new results), communication (the 

transmission of mathematical knowledge)” [De Villiers 1990, 18]. We extend these functions 

of the proof to the validation in the teaching of mathematics. For the function of 

verification we distinguish two functions: the function of plausibility verifies the 

plausibility of the truth of an assertion by means of arguments of plausibility; the 

function of proof verifies the necessity of the truth of an assertion by means of 

arguments of necessity. 
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2 Examples from textbooks 

2.1 mathematical properties available but not used 
We consider a proof of Pythagora’s theorem. We use Clarke’s methodology looking 

at the differences for similar proofs. The first proof is found in a French textbook1.  

 

 

The proof is based on a puzzle technic2 (pragmatic argument) where it is asserted 

without mathematical argument that the inner quadrangle JILO is a square. At this 

class level, it could be proved that JILO is a lozenge and that ∠JIL = 90° by 

consideration of angles. We assume that this fact is not proved because the main 

function of this proof is explanation. Pythagoras’ theorem is explained as a theorem 

on the equality of areas: the area of the inner square equals the area of the two other 

squares which appears clearly in the puzzle technic. To prove that JILO is a square 

                                                
1 The French textbook is : Le nouveau Pythagore class 4ème , 1998,  Hatier, 165.   
2 [Knipping 2003, 84] observes classes where this proof is done. She mentions that the proof was known from the old 
Hindus. 
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would distract from the main explanation in terms of areas.  We have found in 

Baden-Wurtemberg a textbook3 from a similar grade level with the same kind of 

proof where it is not justified that the inner quadrangle is a square. 

 

 Both textbooks prefer a visual argument for which the inner quadrangle looks very 

plausibly like a square. The function of verification of the plausibility and the 

function of explanation make it so that a visual argument is preferred to a 

mathematical argument on angles. The German textbook used explicitly the isometric 

triangle property which is available; the French textbook used implicitly this property 

which is not available. 

We have found other textbooks4 where it is proven5 that the inner quadrangle is a 

square with rigor and where the function of verification of the proof is stronger than 

in the previous textbooks. 

 
                                                
3 The German textbook is : Lambacher Schweizer class 9, Klett Verlag, 1997, 70.  
4 For example : Math 4ème, Bordas, 1998, 203. 
5 Using properties of angles. 
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2.2 mathematical property not available 

 

The proof of the property of the sum of angles in a triangle is illustrated in two 

textbooks. In both textbooks, the validation begins with an argumentation using 

pragmatic arguments (in the German textbook6: action with a Meccano game and 

measurement, in the French textbook7: cutting out, measurement), visual argument 

and mathematical arguments (calculation of the sum of angles). This previous 

validation develops two functions: the function of discovery of the property of the 

sum of angles in a triangle, and the function of the verification of the plausibility of 

the result. With the German Meccano technic, explanation of the proof is central: 

when the angle α decreases, the angle γ increases in a compensating way. The last 

German proof tries to develop the function of explanation, by determining the 

compensation β between α and γ, and the function of verification of the proof, by 

                                                
6 The German textbook is: Lambacher Schweizer class 7 (12-13 years old), Klett Verlag, 1994, 105. 
 
7 The French textbook is: “Nouveau transmath class 4ème” , 1997,  Nathan, 225, class 5ème (12-13 
years old).  
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using mathematical arguments of necessity. The use of mathematical argument of 

necessity seems to avoid the use of pragmatic arguments. In fact, there is a visual 

argument in figure 2 to assert that the angle β in C is equal to the alternate-interior 

angle β in B. Holland [2001, 56-57] shows that a formal proof without visual 

argument needs the technology of orientated angles: this technology is not available 

at this class level8. The proof with orientated angles without visual argument is the 

following: 

 

step data of the 
step 

warrant of the step claim of the step 

1 hypothesis  ABC triangle with α=([AB),[AC)), 
β=([BC), [BA)), γ=([CA), [CB)) 

2 hypothesis  u is half straight line with C as 
origin, parallel to g, and with 
opposite direction to the half 

straight line [BA) with B as origin. 
A 

3 hypothesis  v  is the other half straight line of 
origin  C completing the half 

straight line [CA) 
4 hypothesis  α’= angle(u,v) 
5 hypothesis  β’=angle([CB),u) 
6 1, 2, 3, 4 definition  of corresponding angles α et α’ are corresponding angles 
7 1, 2,  5 definition of alternate-interior angles β et β’ are alternate-interior angles 
8 
 

2, 6 theorem of corresponding angles in 
case of parallelism 

α=α’ 

9 2, 7 theorem of alternate-interior angles 
in case of parallelism 

β=β’ 

10 3 definition of straight angle ([CA),v) = 180° 
11 1, 2, 3, 4, 5 property of angles ([CA),v)= ([CA), [CB))+ ([CB),u) 

+(u,v) = α’+β’+γ 
12 8, 9, 11 calculus α+β+γ=180° 

 We can ask why the German textbook proposes another proof with a non 

mathematical argument (the visual argument revealed by Holland) following the 
                                                
8 class 7 for Germany and 5ème for France. 
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validations with Meccano or measurements proof which used also non mathematical 

arguments. On one hand, using visual arguments helps to develop the function of 

explanation and the function of verification of the proof, even if this last function is 

not completely accomplished in a formal way because of the visual argument; it 

could be considered as accomplished in a mathematics class where a visual argument 

could be, sometimes, used as an argument of necessity, for example in the cases in 

which orientation is involved. On the other hand, the function of systematisation is 

developed in the last proof because previous mathematical results9 are used to 

establish, in a deductive way, a new result.  

 

 

                                                
9 Calculation rules, definition and properties of angles: corresponding, alternate-interior, supplementary. 
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3 Conclusion 
We have seen that arguments of plausibility can be used to develop the functions of 

explanation and plausibility, or to replace a missing mathematical argument to help to 

develop the function of systematisation. We have seen that mathematical arguments 

can be used to develop the functions of proof, explanation or systematisation. In these 

examples both kind of arguments are combined in a same validation. In [Cabassut 

2002, 2003, 2005] we show other examples10 of these combinations. On one hand, 

there are non mathematical validations in others institutions11. Mathematical 

arguments can join non mathematical arguments to make a validation12 in the 

institution that teaches mathematics: this new hybrid validation is called a didactic 

validation, and is created by transposing a validation used in a non-mathematical 

institution onto a validation used by institutions that teach mathematics. In this case, 

special functions are developed (function of explanation in the previous examples, 

function of discovery to prepare the limits in [Cabassut 2002]). On the other hand, the 

replacement13 of some mathematical arguments (available or not) by non-

mathematical arguments is a transposition of a mathematical proof onto a didactic 

validation where the functions of explanation, plausibility or proof, and 

systematisation can be developed. In this sense didactic validation is the double 

transposition of mathematical proof and of the validation of non-mathematical 

institutions. The combination of arguments of plausibility and mathematical 

arguments are generally not allowed in a context of assessment where the functions 

of communication, systematisation and proof are developed as shown in [Cabassut 

2005]. The pupils have to understand the change in the didactical contract depending 

on what functions of the validation are developed and on what combinations of 

arguments are allowed. The main difficulty is that these two kinds of arguments refer 

to two different conceptions of truth. 

                                                
10  like formula of the circumference and  area of a circle. 
11 like daily life or experimental sciences classes where pragmatic arguments can be sufficient. 
12 for example for the sum of angles of a triangle: measurement, use of Meccano or cutting. 
13 for example in the proof of Pythagora’s theorem or in the last German and French proofs of the sum of angles of a 
triangle. 
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